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Summary
In 1999, Iwan Duursma defined the zeta functions for linear codes. They are
constructed from the weight enumerators of codes. The author first exdended Du-
ursma’s theory to so-called “formal weight enumerators” in [2]. In this article, we
introduce the notion of “extremal formal weight enumerators” and deduce a certain
bound similar to the Mallows-Sloane bound. The method is an application of that
of Duursma [7].
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, zeta Duursma . $p$ , $q=p^{T}$
$(r\geq 1)$ , $C$ $\mathrm{F}_{q}$ $[n, k, d]$ . $c\in C$ Hamming
$\mathrm{w}\mathrm{t}(c)$ . ,
$A_{i}:=\#\{c\in C ; \mathrm{w}\mathrm{t}(c)=i\}$
,
$W_{C}(x, y):= \sum_{i=0}^{n}A_{i}x^{\tau\iota-i}y^{i}$
$C$ . $x,$ $y$ $n$ . 1999 , [4] $1_{f}\mathrm{a}$
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1.1 $C$ , $n-d$ $P(T)\in \mathrm{Q}[T]$ 1 ,
$\frac{P(T)}{(1-T)(1-qT)}(y(1-T)+xT)^{n}=\cdots+\frac{W_{C}(x,y)-x^{n}}{q-1}T^{n-d}+\cdot$ .
. $P(T)$ $C$ zeta , $Z(T):=P(T)/\{(1-T)(1-qT)\}$ $C$ zeta
.




$(g=n/2+1-d)$ . zeta ( zeta )
, Riemann
:
L2 $C$ , zeta $P(T)$ . $P(T)$ $\alpha$
,
$| \alpha|=\frac{1}{\sqrt{q}}$
, $C$ Riemann .
Riemann ,
, Duursma
13 $\mathrm{E}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{l}$ Riemann .
([6]). , F9 ,
extremal . Type IV
([7]).
. , extremal .
,
. , , (
, ),
, .
, 1.1 , $P(T)$ , $W_{C}(x, y)$
, $x,$ $y$ $n$
(cf. [1, p.93], [2, p.33], [8, p.45]). MDS
( ) zeta Duursma
. ,
$W(x, y)=x^{n}+ \sum_{i=d}^{n}A_{i}x^{n-i}y^{i}$ $(A_{d}\neq 0)$ (1.2)
19
zeta $P(T)$ , $([2, \mathrm{p}.40|)$ .
, , formal weight enumerator
. (1.2) , TyPe II
,
$W^{[perp]}(x, y):=W( \frac{x+y}{\sqrt{2}},$ $\frac{x-y}{\sqrt{2}})=-W(x, y)$
(cf. 2.1), (1.2) formal weight enumerator , $q=2$
zeta $P(T)$ ,
$P(T)=-P( \frac{1}{2T})2^{g}T^{2g}$
$(g=n/2+1-d)$ , Riemann Duursma
Formal weight enumerator $W(x, y)$ Riemann
$\mathrm{d}\mathrm{e}\mathrm{f}\Leftrightarrow$
.
$P(T)$ $\alpha$ $| \alpha|=\frac{1}{\sqrt{2}}$
([2, p.42]). “extremal formal weight $\mathrm{e}\mathrm{n}\mathrm{u}\mathrm{m}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}^{)}$ ’





, formal weight enumerator
, extremal , (1.2) $d$
(Duursma ) .
2 Formal weight enumerators
formal weight enumerator :
2.1 $W(x, y)= \sum_{i=0}^{n}A_{i}x^{n-i}y^{i}\in \mathrm{C}[x, y](4|n)$ (i), (ii) ,
$W(x, y)$ formal weight enumerator :
(i) $A_{i}\neq 0\Rightarrow 4|\mathrm{i}$ ,
(ii) $W^{[perp]}(x,y):=W( \frac{x+y}{\sqrt{2}},$ $\frac{x-y}{\sqrt{2}})=-W(x,y)$ .
, formal weight enumerator $\mathrm{C}[x, y]^{G_{8}}$ .
, $G_{8}$ Shephard-Todd $\prime_{\sqrt}\mathrm{a}$ No 8
$\mathrm{a}$
([14]):
$G_{8}:= \{\frac{1-\mathrm{i}}{2}(\begin{array}{ll}1 -11 1\end{array})$ , $(\begin{array}{ll}-i 00 1\end{array})\}$ .
20
$\mathrm{C}[x, y]^{G_{8}}$ Hamming $W_{8}(x, y)=x^{8}+14x^{4}y^{4}+y^{8}$
$W_{12}(x, y)=x^{12}-33x^{8}y^{4}-33x^{4}y^{8}+y^{12}$ . , formal weight
enumerator ([12]). $W_{12}(x, y)$ ’ [12] $1_{\sqrt}\backslash$ , Broue-
Enguehard Eisenstein $E_{6}(z)$ 1 . , formal
weight enumerator
$W_{8}(x, y)^{l}W_{12}(x, y)^{2m+1}$ $(l,m\geq 0)$ , (2.1)
1 .
extremal formal weight enumerator .
22 $n$ formal weight enumerators , (1.2) $d$
, extremal formal weight enumerator .
, formal weight enurnerator $n$ $n\equiv 4$ (mod 8) $\vee 5^{-}$ .
$n=12,20,28$ $W_{12}(x, y),$ $W_{8}(x, y)W_{12}(x, y),$ $W_{8}(x, y)^{2}W_{12}(x, y)$
extremal , $n\geq 36$ , format weight enumerator S
, $y$ , $d$
:
23 $\deg W=36$ . (2.1) formai weight enumerator 2 :
$W_{8}(x, y)^{3}W_{12}(x, y)$ $=$ $x^{36}+9x^{32}y^{4}-828x^{28}y^{8}-\cdots$
$W_{12}(x, y)^{3}$ $=$ $x^{36}-99x^{32}y^{4}+3168x^{28}y^{8}-\cdots$ .
,
$\frac{11}{12}W_{8}(x, y)^{3}W_{12}(x, y)+\frac{1}{12}W_{12}(x, y)^{3}=x^{36}-495x^{28}y^{8}-19005x^{24}y^{12}-\cdot$ .
extremal .
, (2.1) formal weight enumerator $m$ , $y^{4},$ $y^{8}$ ,
$\ldots,$




Type II , Mallows-Sloane bound :
3.1 (Mallows-Sloane[11]) $n$ Type II
$d$
$d. \leq 4[\frac{n}{24}]+4$
. , extremal , .
21
, (cf. [10, pp.624-628]). Formal weight enumer-
ator $d$ (
). , Duursma [7]
, formal weight enumerator .
formal weight enumerator $d$ $n$ , .
best-possible . extremal formal weight enumerator
, $d$ :

























, $d$ $n$ best possible bound :
32 Formal weight enumerator $W(x, y)$ (1.2) , $d,$ $n$
:
$d \leq 4[\frac{n-12}{24}]+4$ .
, $W(x, y)$ extremal , .
, ( [3] ).
Duursma .
. 1 $\sigma=(\begin{array}{ll}a bc d\end{array})$ , 2f4‘H\mbox{\boldmath $\zeta$}O/\pi &‘^ $(x, y),$ $(u., v)$ S
$(u, v)=(x,y)\sigma=(ax+cy, bx+dy)$ (3.1)
.
$( \frac{\partial}{\partial x}$ $\frac{\partial}{\partial y})=(\frac{\partial}{\partial u},$
$\frac{\partial}{\partial v})\sigma^{\mathrm{T}}=(a\frac{\partial}{\partial u}+b\frac{\partial}{\partial v},$
$c \frac{\partial}{\partial u}+d\frac{\partial}{\partial v})$ ,
, $\sigma^{\mathrm{T}}$ $\sigma$ . , $a(x, y),$ $p(x, y),$ $A(x, y)$ , $p(x, y)(D)$
$p(\partial/\partial x, \partial/\partial y)$ . , :
33
$p((u, v)\sigma^{\mathrm{T}})(D)A(u, v)=p(x, y)(D)A((x, y)\sigma)$ .
22
Duursma [7, Lemma 1] .
, formal weight enumerator $W(x, y)$ , $’\mathrm{a}\sqrt$ $a(x, y),$ $p(x, y)$
$a(x,$ $y)|p(x, y)(D)A(x, y)$ (3.2)
( $a(x,$ $y),$ $p(x,$ $y)$ ).
( )\leq ( ) , $n$ ,
$d$ , $a(x, y),$ $p(x, y)$ , $d$ $n$
best possible bound , . Duursma $W(x, y)$ Type II
34 $d\geq 8$ ,
$(xy^{\mathrm{a}d-\mathrm{s}})(x^{4}-y^{4})^{d-5}|xy(x^{4}-y^{4})(D)W(x, y)$ .
Type II Mallows-Sloane bound
. $W(x, y)$ formal weight enumerator .
35 $d\geq 8$ ,
$(x^{4}+y^{4})(x^{4}+6x^{2}y^{2}+y^{4})|xy(x^{4}-y^{4})(D)W(x, y)$ .
32 .
. 32 , Siegel
. [9] 5 . , 32
.
, , [9] , .
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